Let T (n, p) denote the class of functions of the form f (z) = z p − ∞ k=n a k+ p z k+ p (a k+ p ≥ 0; p, n ∈ N ) which are analytic and p-valent in the open unit disc U = {z : |z| < 1}. For functions f j (z) ( j = 1, 2) belonging to T (n, p), generalizations of the modified-Hadamard product of f 1 (z) and f 2 (z) represented by ( f 1 ∆ f 2 ) (r, s; z) (r, s ∈ R) are introduced. In this paper, we obtain several results of these generalizations of the modified-Hadamard products of functions in the classes T n ( p, α) and C n ( p, α). Also we obtain the order of p-valent starlikeness of a p-valent convex function of order α (0 ≤ α < p), with negative coefficients.
Introduction
Let T (n, p) denote the class of functions f (z) of the form :
a k+ p z k+ p (a k+ p ≥ 0; p, n ∈ N = {1, 2, . . .}), (1.1) which are analytic and p-valent in the open unit disc U = {z : |z| < 1}. Also let T n ( p, α) and C n ( p, α) denote the subclasses of T (n, p) consisting of functions which satisfy the inequalities :
and Re 1 + z f (z) f (z) > α (0 ≤ α < p), (1.3) respectively. Clearly, the functions in T n ( p, α) and C n ( p, α) are p-valent starlike and p-valent convex of order α, respectively. The classes T n ( p, α) and C n ( p, α) were studied by Owa [4] , the classes T 1 ( p, α) = T * ( p, α) and C 1 ( p, α) = C( p, α) were studied by Owa [3] and Sekine [6] , the classes T n (1, α) = T n (α) and C n (1, α) = C n (α) were studied by Srivastava et al. [8] and Domokos [2] and the classes T 1 (1, α) = T * (α) and C 1 (1, α) = C(α) were studied by Silverman [7] . Let f j (z)( j = 1, 2) in T (n, p) be given by
Then the modified-Hadamard product (or convolution) of the functions f 1 (z) and f 2 (z) is defined by
For any real numbers r and s, we define the generalized modified-Hadamard product (
If we take r = s = 1, then we have
In the present paper, applying methods used by Choi et al. [1] , we will obtain several results for the generalized modified-Hadamard product of functions in the classes T n ( p, α) and C n ( p, α). Also we obtain the order of p-valent starlikeness of a p-valent convex function of order α (0 ≤ α < p), with negative coefficients.
Main results
In order to prove our results for functions belonging to the classes T n ( p, α) and C n ( p, α), we shall need the following lemmas given by Owa [3] . Lemma 1. Let the function f (z) be defined by (1.1). Then f (z) is in the class T n ( p, α) if and only if
Lemma 2. Let the function f (z) be defined by (1.1). Then f (z) is in the class C n ( p, α) if and only if Applying Lemmas 1 and 2, we shall prove :
where
, by using Lemma 1, we have
Moreover,
and
By using the Hölder inequality, we get
we see that
By using (2.5), we have
r , we can see that 0 ≤ β 2 < p. Thus the proof of Theorem 1 is completed.
Proof. In view of Lemma 1, Corollary 1 follows readily from Theorem 1 by taking α j = α ( j = 1, 2).
Theorem 2. Let the functions f j (z) ( j = 1, 2) defined by (1.4) be in the classes C n ( p, α j ) for each j. Then
14)
where r > 1 and β 2 is defined by (2.4).
Proof. Since f j (z) ∈ C n ( p, α j ) ( j = 1, 2), by using Lemma 2, we have
Thus the proof of Theorem 2 is similar to that of Theorem 1 where Lemma 2 is used instead of Lemma 1.
Corollary 2.
If the functions f j (z) ( j = 1, 2) defined by (1.4) are in the class C n ( p, α), then
Theorem 3. Let the functions f j (z) ( j = 1, 2, . . . , m) defined by (1.4), be in the classes T n ( p, α j ) for each j, and let the function F m (z) be defined by
, where
The result is sharp, the extremal functions are
Proof. Since f j (z) ∈ T n ( p, α j ), using Lemma 1, we obtain;
By virtue of the Cauchy-Schwarz inequality, we get
It follows from (2.22) that
and by virtue of Lemma 1, we find that
Using (2.19), we have
for all r > 1 and 0 ≤ α < p. Then we have g (k) ≥ 0 for all r > 1, 0 ≤ α < p and k ≥ n. Hence
(2.27)
we can see that 0 ≤ β m < p. Thus the proof of Theorem 3 is completed. Taking r = 2 and α j = α ( j = 1, 2, . . . , m), in Theorem 3, we obtain;
The result is sharp for the functions f j (z) ( j = 1, 2, . . . , m) given by
Proof. Since f j (z) ∈ C n ( p, α j ), using Lemma 2, we obtain; 4) , be in the class C n ( p, α) and let the function F m (z) be defined by (2.28). Then F m (z) ∈ C n ( p, η m ) ( p, n ∈ N ), where
36)
The result is sharp for the functions f j (z) ( j = 1, 2, . . . , m) given by Theorem 5. Let the function f (z) defined by (1.1) be in the class C n ( p, α), then f (z) ∈ T n ( p, β), where
The result is sharp for the function f (z) given by
Proof. Since f (z) ∈ C n ( p, α), using Lemma 2, we have
From Lemma 1, we have
We have to find the largest β such that
that is,
Let the function g(k) be defined by
. (2.45) Therefore g (k) ≥ 0 for k, k ≥ n, the function g(k) is an increasing function of k, k ≥ n, we have β ≤ g(n) = np(n + p) (n + p)(n + p − α) − p( p − α) , which completes the proof of Theorem 5.
Taking n = 1 in Theorem 5, we obtain;
Corollary 5. Let the function f (z) defined by (1.1) (with n = 1) be in the class C 1 ( p, α) = C( p, α), then f (z) ∈ T 1 ( p, β) = T ( p, β), where
The result is sharp for the function f (z) given by Remark 5. Putting p = 1 in Theorems 1-4 and Corollaries 1 and 2, we obtain the results that were obtained by Choi et al. [1] .
